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Collective anisotropic particle flow, a general phenomenon present in relativistic heavy-ion collisions, can be
separated from direct particle-particle correlations of different physics origin by virtue of its specific azimuthal
pattern. We provide expressions for flow-induced two-particle azimuthal correlations, if one of the particles is
detected under fixed directions with respect to the reaction plane. We consider an ideal case when the reaction
plane angle is exactly known, as well as present the general expressions in case of finite event-plane resolution.
We foresee applications for the study of generic two-particle correlations at large transverse momentum
originating from jet fragmentation.
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Collective particle flow is a general phenomenon of rela-
tivistic heavy-ion collisions that originates from pressure
gradients built up in the anisotropic overlap zone of colliding
nuclei [1]. Azimuthal anisotropies in inclusivesingle-particle
distributions relative to the reaction plane(anisotropic flow)
have been extensively studied[2–7]. Recent investigations of
direct two- (or more) particle correlations also indicate that
the dependence of these correlations on the orientation of the
reaction plane may contain important physics information. A
detailed analysis of such correlations requires flow effects to
be taken into account.

A recent example, which gave the motivation for this pa-
per, is provided by azimuthal two-particle correlations at
transverse momenta above 1 GeV/c. Such particles presum-
ably originate from fragmentation of dijets, but are embed-
ded in collective flow[4]. It is predicted that nuclear effects
may modify the jet fragmentation function due to induced
radiation of the leading parton[8]. This could result in sig-
nificant changes in the particle correlations within the jet, as
well as the correlation of particles originating from back-to-
back jets. The modifications of the jet profile may depend on
the nuclear geometry and could be studied relative to the
reaction plane angle[4].

In this paper, we present analytical formulas for the flow
contribution to two-particle azimuthal distributions for dif-
ferent orientations of the trigger particle with respect to the
reaction plane, neglecting any nonflow effects. We will first
discuss an ideal case with the reaction plane angle exactly
known and then incorporate the finite resolution of the re-
constructed event plane.

Anisotropic flow manifests itself by the presence of
highersnù1d harmonics in the inclusive single-particle dis-
tribution in the azimuthal anglef with respect to the reaction
planeCR [2,9]:

dN

dsf − CRd
~ S1 + o

n=1

`

2vn cosfnsf − CRdgD . s1d

The Fourier coefficients,vn=kcosfnsf−CRdgl, given by the
average over detected particles in analyzed events quan-
tify the anisotropy of thenth harmonic of the distribution.
The anisotropies corresponding to the first and the second
Fourier coefficients,v1 and v2, are usually referred to as
directed and elliptic flow, respectively.

Collective flow generates azimuthal anisotropies also in
the angle differenceDf=fi −f j s0øDføpd of particle
pairs [10],

dNpairs

pdDf
= BS1 + o

n=1

`

2pnspTi,yi ;pTj,yjdcossnDfdD , s2d

whereB denotes the integrated inclusive pair yield. In case
of pure collective flow, the Fourier coefficientspn
=kcossnDfdl are given byf11g

pnspTi,yi ;pTj,yjd = vnspTi,yidvnspTj,yjd. s3d

We introduce conditional two-particle correlations in the
transverse plane for which one of the particles, usually re-
ferred to as thetrigger particle, is detected within somebi-
sector R at fixed orientation with respect to the reaction
plane, see Fig. 1.

Thenth harmonic of the pair distribution, before given by
Eq. (3), is expressed as

pn
R = vnspT,ydvn

RspT,yd. s4d

To simplify the notations, we have assumed that both par-
ticles are detected in the samepT and y interval, but it is
straightforward to generalize our results for the case when
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the trigger particle and the associated particle are chosen
from different rapidity and transverse momentum regions.
Here,vn

R=kcosfnsf−CdglR is thenth harmonic coefficient
of the single-particle distribution of Eq.s1d, although the
average over the azimuthal angle of the trigger particle is
taken over the restricted regionR only.

We derive now explicit analytic expressions forv2
R and

the pair yieldBR for elliptic flow when the trigger particle is

confined to a bisector oriented with anglefS to the reaction
plane, and then specialize toin-planeandout-of-planecon-
ditions. We proceed in two steps, first for the ideal case, then
for finite resolution in the reconstructed event plane.

Let the trigger particle be confined in the transverse plane
to the bisectors depicted in Fig. 1. Thenth Fourier coefficient
of the trigger particle distribution, assuming it is originally
given by Eq.(1), is

vn
R = kcosfnsf − CRdglR =

E
R
S1 + o

k=1

`

2vk cosfksf − CRdgDcosfnsf − CRdgdsf − CRd

E
R
S1 + o

k=1

`

2vk cosfksf − CRdgDdsf − CRd

, s5d

where the integration over the regionR in more explicit notation is understood to read

E
R

dsf − CRd ¯ ;E
fS−c

fS+c

dsf − CRd ¯ +E
fS+p−c

fS+p+c

dsf − CRd¯. s6d

The integration results in

vn
R =

vn + dn,even cossnfSd
sinsncd

nc
+ o

k=2,4,6,. . .
svk+n + vuk−nudcosskfSd

sinskcd
kc

1 + o
k=2,4,6,. . .

2vk cosskfSd
sinskcd

kc

, s7d

wheredn,even=1 for n even anddn,even=0 for n odd, respec-
tively.

Spatial conditions on the trigger particle also modify the
integrated pair yield. We express the conditional two-particle
yield as

BR =
2c

p
BbR, s8d

which can be understood as the product of two single-
particle yields:ÎB for the associated particle and the re-
mainderÎBs2c/pdbR for the trigger particle. Here, 2c/p
is the fraction of the azimuth covered by the trigger par-
ticle and the quantitybR accounts for the modification of
the yield due to collective flow and is given by

bR =

E
R S1 + o

k=2,4,6,. . .
2vk cosfksf − CRdgDdsf − CRd

E
R

dsf − CRd
.

s9d

Integrating we obtain

bR = 1 + o
k=2,4,6,. . .

2vk cosskfSd
sinskcd

kc
. s10d

In the following we restrict ourselves to elliptic flowsn=2d.
Neglecting terms withnù4, we obtain

v2
R =

v2 + coss2fSd
sins2cd

2c
+ v2 coss4fSd

sins4cd
4c

1 + 2v2 coss2fSd
sins2cd

2c

s11d

and

bR = 1 + 2v2 coss2fSd
sins2cd

2c
. s12dFIG. 1. The regionR is made up of a bisector of half-anglec

that intersects the reaction planeC at anglefS, modulop.
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If the trigger particle is confined to regions −p /4,f
−CR,p /4 , “in-plane”), and p /4,f−CR,3p /4 (fS
=p /2, “out-of-plane”), respectively, Eq.(11) simplifies to

v2
in =

pv2 + 2

p + 4v2
, v2

out =
pv2 − 2

p − 4v2
. s13d

The pair yields under these conditions are

Bin =
B

2
S1 +

4v2

p
D, Bout =

B

2
S1 −

4v2

p
D , s14d

which add up toB as both regions cover together the full
azimuth.

The azimuthal distributions for in-plane and out-of-plane
conditions are obtained by inserting the corresponding ex-
pressions forv2

R into Eq. (4) and thenp2
R and BR into Eq.

(2). The normalized in-plane and out-of-plane distributions
for v2=0.1 are displayed in Fig. 2(full line). The out-of-
plane distribution is shifted in phase byp /2 compared to the
in-plane distribution: instead of peaks atDf=0 andp peaks
show up atp /2 and 3p /2. The sign ofv2

out is negative. Both
curves touch at levelsB/2ds1−2v2

2d.
The direction of the true reaction planeCR is not avail-

able experimentally. An estimator for the reaction plane, of-
ten called the event plane,CE, is determined event by event
using the anisotropic flow itself[11]. How close on average
the event plane is to the true reaction plane is determined by
the resolution, usually quantified bykcossnDCdl, where
DC=CE−CR. Here, the angular bracketsk¯l indicate the
event averaging over the probability density distribution
rsDCd that characterizes the event-plane resolution.

Let us now calculate how the finite event-plane resolution
modifies our results. For a given deviationDC the new range

of integrationR̃ in Eqs.(5) and (9) is defined in analogy to
Eq. (6) by

E
R̃

dsf − CRd ¯ ;E
fS+DC−c

fS+DC+c

dsf − CRd ¯

+E
fS+DC+p−c

fS+DC+p+c

dsf − CRd¯. s15d

The nth Fourier harmonic component is obtained after aver-
aging over the probability density distributionrsDCd:

v
n
R̃ =

E
−p

p

rsDCdE
R̃
S1 + o

k=1

`

2vk cosfksf − CRdgDcosfnsf − CRdgdsf − CRddsDCd

E
−p

p

rsDCdE
R̃
S1 + o

k=1

`

2vk cosfksf − CRdgDdsf − CRddsDCd

. s16d

After integration we obtain

v
n
R̃ =

vn + dn,even cossnfSd
sinsncd

nc
kcossnDCdl + o

k=2,4,6,. . .
svk+n + vuk−nudcosskfSd

sinskcd
kc

kcosskDCdl

1 + o
k=2,4,6,. . .

2vk cosskfSd
sinskcd

kc
kcosskDCdl

. s17d

In analogy, we can write

bR̃ =

E
−p

p

rsDCdE
R̃ S1 + o

k=2,4,6,. . .
2vk cosfksf − CRdgDdsf − CRddsDCd

E
R̃

dsf − CRd
. s18d

After integration we obtain

FIG. 2. In-plane and out-of-plane correlation functions for ideal
reaction plane(full lines), and for finite event-plane resolution
fkcoss2DCdl=0.3g (dashed lines). The trigger particle is confined
to bisectors with axesfS pointing along the reaction planesfS

=Cd and perpendicular to itsfS=C+p /2d, respectively. The mag-
nitude of elliptic flow isv2=10 %.
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bR̃ = 1 + o
k=2,4,6,. . .

2vk cosskfSd
sinskcd

kc
kcosskDCdl. s19d

In the following we restrict ourselves again to elliptic flowsn=2d only, and neglecting terms withnù4, we obtain

v
2
R̃ =

v2 + coss2fSd
sins2cd

2c
kcoss2DCdl + v2 coss4fSd

sins4cd
4c

kcoss4DCdl

1 + 2v2 coss2fSd
sins2cd

2c
kcoss2DCdl

s20d

and

bR̃ = 1 + 2v2 coss2fSd
sins2cd

2c
kcoss2DCdl. s21d

The in-plane and out-of-plane anisotropies of Eq.(13) for
elliptic flow are modified for finite event-plane resolution to

ṽ2
in =

pv2 + 2kcoss2DCdl
p + 4v2kcoss2DCdl

,

ṽ2
out =

pv2 − 2kcoss2DCdl
p − 4v2kcoss2DCdl

, s22d

and the average yields of Eq.s14d to

B̃in =
B

2
F1 +

4v2

p
kcoss2DCdlG ,

B̃out =
B

2
F1 −

4v2

p
kcoss2DCdlG , s23d

respectively. These formulas have been used to calculate the
dashed lines in Fig. 2, and it is seen that the magnitude of the
elliptic anisotropy is reduced for finite event-plane resolu-

tion. The normalized background parametersB̃in /B and

B̃out/B approach the value of 0.5. Both are consequences
of the finite event-plane resolution which causes the in-
plane region to receive also negative contributions from
the out-of-plane region, and vice versa.

Figure 3 presents a synopsis of the dependence of the flow
parameters under in-plane and out-of-plane conditions on the
magnitudev2 of elliptic flow, both for ideal as well as for the
reconstructed event plane. For the latter case, the reaction
plane resolution was chosen to bekcoss2DCdl=0.3. Note
that very largev2 and smallkcoss2DCdl could lead to the
situation ofv2

out.0, and the phases of in-plane and out-of-
plane distributions, Fig. 2, would be the same.

We have presented general expressions of two-particle
azimuthal correlations due to anisotropic flow for the case
when one of the particles, referred to as the trigger particle,
is detected at fixed angles relative to the reaction plane. Ana-
lytical formulas are given for two cases, an ideal case when
the reaction plane is exactly known in every event, and for
the case of finite reaction plane resolution. For the so called
in-plane and out-of-plane conditions, we find that the corre-
lation functions are shifted in phase byp /2 for realistic val-
ues of elliptic flow of the trigger particle and the reaction
plane resolution. This and the increase in modulation ampli-
tude in-plane compared to out-of-plane is easily visualized
by the fact that the trigger particle scans the peak region of
the elliptic flow pattern in the first case, but the valley in the
second.

We foresee that the results presented in this paper will
allow to disentangle nonflow generic two-particle correla-
tions, such as those due to jets and analyze how such corre-

FIG. 3. In-plane(thick lines) and out-of-plane coefficients(thin
lines) p2 of Eq. (4) (top), andB of Eq. (8) (bottom), vs elliptic flow
anisotropyv2. Solid lines assume ideal reaction plane, dashed lines
are for reconstructed event planes with finite resolution
kcoss2DCdl=0.3.
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lations depend on the orientation of the jet with respect to the
reaction plane.
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